In this paper, we study the effects of general relativistic corrections on the observed galaxy power spectrum in thawing class of cubic Galileon model with linear potential that preserves the shift symmetry. In this scenario, the observed galaxy power spectrum differs from the standard matter power spectrum mainly due to redshift space distortion (RSD) factor and relativistic effects. The RSD term enhances the matter power spectrum both at larger and smaller scales whereas the relativistic terms further enhance the matter power spectrum only at larger scales. In comparison with ΛCDM, the observed galaxy power spectrum is always suppressed at large scales in this scenario although this suppression is always small compared to the canonical quintessence scenario.
In this paper, we study the effects of general relativistic corrections on the observed galaxy power spectrum in thawing class of cubic Galileon model with linear potential that preserves the shift symmetry. In this scenario, the observed galaxy power spectrum differs from the standard matter power spectrum mainly due to redshift space distortion (RSD) factor and relativistic effects. The RSD term enhances the matter power spectrum both at larger and smaller scales whereas the relativistic terms further enhance the matter power spectrum only at larger scales. In comparison with ΛCDM, the observed galaxy power spectrum is always suppressed at large scales in this scenario although this suppression is always small compared to the canonical quintessence scenario.
I. INTRODUCTION
Observational cosmology is currently passing through a revolutionary phase. It all started since 1998 when we first discovered using Supernova Type-Ia observation that our Universe is going through an accelerated phase of expansion [1, 2] . Since then a wide variety of cosmological observations related to the cosmic microwave background radiation anisotropy [3] [4] [5] [6] , baryon acoustic oscillations measurements in galaxy power spectrum [7, 8] with unprecedented accuracies have confirmed this acceleration. All these observations also confirm that we live in a Universe with flat spatial section, having 25% of the energy budget in the form of cold dark matter (cdm) and 5% in baryons [5] . It also confirms another accelerated phase of expansion at very early stage of cosmological evolution termed as inflation [9] [10] [11] [12] [13] .
The confirmation of the accelerated expansion in our Universe defies our understanding of the attractive nature of gravity that can only produce decelerated expansion in the Universe under the realm of general theory of relativity. To get this accelerated expansion, either we need to add unknown form of matter with repulsive gravitational force [14] [15] [16] [17] that has no direct observational detection till date or we need to modify the Einstein gravity at large cosmological scales [9, [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] where this accelerated expansion has been observed. One of possibilities to get this repulsive gravity had already prescribed by Einstein himself although in a different context. This is the cosmological constant Λ, with an equation of state (EoS) p = −ρ. Together with the presence of cold dark matter, this is the concordance ΛCDM model that is the simplest way to explain late time acceleration of the Universe. At late times, the energy content in Λ has to be around 70% of the total energy density of the Universe to result accelerated Universe. To achieve this, the value of Λ required is embarrassingly low compared with what we expect from our current understanding of particle physics and results the issue of fine tuning [34] . The constant Λ also demands that the expansion starts precisely at the present epoch, making this epoch a very special one in the entire cosmological evolution. Theoreticians describe this as cosmic coincidence problem [35] .
The fine tuning is unavoidable as far our current understanding of particle physics and cosmology is concerned. But we can ameliorate the cosmic coincidence problem by replacing Λ with an unknown component with negative pressure that is not constant but evolves with cosmic time. We call this dark energy [14] . Motivation for considering dark energy also comes from the inconsistency in ΛCDM model with respect to couple of recent observational results [36] [37] [38] [39] .
Similar to inflaton, we can model dark energy as a scalar field slowly rolling over a sufficiently flat potential around present time [40] [41] [42] . These scalar field dark energy models can further be classified to tracker [35] and thawing models [43, 44] depending on the form of its potentials and the subsequent evolution. Late time acceleration with scalar field dark energy model has been studied extensively by different authors [35, .
A large scale modification of gravity in the higher dimensional brane world scenario has been proposed by Dvali, Gabadadze and Porrati (DGP) [24] to explain the late time cosmic acceleration. In the decoupling limit of DGP model, one can obtain a scalar degree of freedom containing a higher derivative term like (∇φ) 2 φ [64] .The Lagrangian for such scalar degree of freedom respects the Galilean shift symmetry and known as Galileon [27] . Apart from the cubic Galilon and usual kinetic terms, the full Galileon Lagrangian has two more terms with higher derivatives [27, 65] . Despite the presence of higher derivative terms in the Lagrangian, the equation of motion of the Galileon field is second order [27, 65] and the theory is free from Ostrogradsky ghosts [66] . Vainshtein mechanism [67] , first proposed to overcome the problem of van Dam-Veltman-Zakharov (vDVZ) discontinuity [68, 69] in the linear theory of massive gravity [70] , can also be implemented in Galileon theory [27] to preserve the local physics.
Till date, there have been plethora of investigations to constrain the background evolution of the scalar field dark energy models including the Galileon models [14, [29] [30] [31] [32] [71] [72] [73] [74] [75] [76] [77] [78] [79] [80] [81] [82] . The inhomogeneity in the dark energy field has not been constrained till date as dark energy perturbations are only relevant on horizon scales and beyond and accurate measurements of observed galaxy power spectra on these very large scales has not been done yet. But with the scope of future optical and infrared/radio surveys like LSST, SKA, we shall have the opportunity to probe our Universe at horizon scales and beyond which in turn enable us to probe dark energy inhomogeneities. As cosmological constant does not contain any inhomogeneity whereas any other evolving dark energy contains inhomogeneities, any detection (or not detection) of dark energy inhomogeneity can decisively settle the issue of dark energy being cosmological constant or not.
To study the structure formation on horizon scales and beyond, one needs to consider the full general relativistic (GR) treatment. There are also number of general relativistic corrections in the observed galaxy power spectra related to gravitational potential and peculiar velocity. The observed galaxy power spectra including necessary GR corrections has been studied earlier for ΛCDM model [83] [84] [85] as well as for tracking [86] and thawing scalar field models [87] . In this present work, we extend the similar study for the cubic Galileon models with linear potential that preserve the shift symmetry. Later we also consider other phenomenological potentials that breaks the shift symmetry.
The paper is organised as: in section II, we briefly describe the background evolution of the Universe in cubic Galileon model; in section III, we study the first order general relativistic perturbation in the Galileon field and study the deviations from ΛCDM model in some important perturbed quantities; in section IV, we study the observed galaxy power spectrum and its deviation for the cubic Galileon model from ΛCDM; finally in section V, we present our conclusion.
II. BACKGROUND EVOLUTION
We consider the lowest nontrivial order of the Galileon action i.e., cubic Galileon action along with a potential [80] [81] [82] 
where M pl = (8πG) −1/2 is the reduced Planck mass. α is a dimensionless constant; for α = 0 this action (1) reduces to that of a standard quintessence action [40] [41] [42] . V (φ) is the potential. V (φ) = c 1 φ preserve the shift symmetry and we mainly consider this potential for our subsequent study. S m is the action for the matter field. M is a constant of mass dimension one; by a redefinition of the parameter α, we can fix M = M pl . Action (1) can also be thought as a particular form of the Kinetic Gravity Braiding action [32] . Variation of the action (1) with respect to (w.r.t.) the metric tensor g µν and assuming a flat Friedman-Robertson-Walker (FRW) spacetime with scale factor a(t), we get the Einstein's equations
where overdot is the derivative w.r.t. the time and H is the Hubble parameter. Varying the action w.r.t the field φ, we get the equation of motion for the fieldφ
where subscript φ is the derivative w.r.t the field φ.
III. RELATIVISTIC PERTURBATIONS WITH THE GALILEON FIELD
In this paper we are mainly interested in the observed galaxy power spectrum on a scale where the perturbations are assumed to be linear i.e. we can use the linear perturbation theory with the full general relativistic treatment. In the linear perturbation theory the scalar, vector and tensor perturbations evolve independently. So, we can study the linear scalar perturbations independently with two scalar degrees of freedom. Here we work in the conformal Newtonian gauge where the perturbed space-time is given by
where r is the comoving coordinate, Φ is the gravitational potential and for simplicity we choose anisotropic stress to be zero which corresponds to Ψ = Φ. So, we are left with one scalar degree of freedom which is Φ. In this perturbed space-time the linearized Einstein equations become [88] :
where the summation index i stands for either 'm' for matter or 'φ' for Galileon field, H is the conformal Hubble parameter (H = aH), bar represents the unperturbed quantity for the individual fluid i; δρ i , δP i and v i are the perturbations of the individual component's energy density, pressure and velocity field respectively. Combining Eqs. (6) and (7) we get the relativistic Poisson equation which is given by
where we have introduced a quantity ∆ i corresponding to the particular individual component which is given by
This gauge invariant quantity is the comoving energy density contrast for a particular component i.e. either for the matter or for the Galileon field. Working in the space-time (5), we can calculate components of the energy momentum tensor from the action (1). The first order perturbed energy density, pressure and velocity for the Galileon field φ are respectively given by [82] 
where δφ is the first order perturbation to the background field φ and β = α M 3 pl . Now putting Eq. (11) into Eq. (8) we get evolution equation for the gravitational potential Φ. By varying the action (1) we can calculate the Euler-Lagrangian equation order by order and in the first order perturbation we get evolution equation for the δφ. We now introduce following dimensionless quantities [43, 80, 81, 89] 
where N = ln(a) is the number of e-foldings. Using these dimensionless quantities, we form the following autonomous system of equations [43, 80, 81] :
where, L = k 2 3H 2 and 
Note that for simplicity of the notations, in the above set of equations, we have kept the same notations for Φ and q in the Fourier space corresponding to the same quantities in the real space. By putting Eq. (10) into Eq. (6) and going to the Fourier space we get the matter density contrast given by
Similarly, by putting Eq. (12) into Eq. (7) and going to the Fourier space we get the pecular velocity for the matter given by
where
with B = 1.5(1 − ω φ Ω φ ). Now we can calculate comoving matter energy density contrast from Eqs. (17) and (18) by using the definition ∆ m = δ m + y m .
A. Initial conditions
To solve the autonomous system (14), we need initial conditions for the background quantities (x, y, ǫ, λ, H) as well as for the perturbed quantities (Φ, dΦ dN , q, dq dN ). We fix the initial condition at z = 1000 in early matter dominated era where the dark energy contribution is negligible. In this work, we focus on the thawing class of the Galileon models where the Galileon field φ is initially frozen at w φ ∼ −1 in early matter dominated era due to large Hubble friction. The condition w φ ∼ −1 automatically transformed to the condition x i ∼ 0 through Eq. (13) . So, we fix x i = 10 −8 . The solutions of the system of evolution equations Eq. (14) are not sensitive to the initial value of x as long x i ≪ 1. Since the dark energy density parameter Ω φ is related to x and y (see Eq. (15)), we can relate the initial condition in y to the boundary condition in Ω φ . So, we fix y i in such a way that the value of Ω φ at present becomes 0.72. The initial slope of the potential is determined by the initial value of λ. λ i determines the evolution of the equation of state (EoS) of the Galileon field. For λ i ≪ 1, the EoS of the Galileon field does not deviate much from its initial frozen value −1 and always stays very close to the cosmological constant behaviour. For large value of λ i , the Galileon field thaws away sufficiently from its initial frozen state and can have sufficient deviations from the cosmological constant behviour. For all the models we fix λ i = 0.7. Next, the initial condition H i is taken such a way that at present H 0 = H 0 = 100h km/s/Mpc with h = 0.7. The initial condition for ǫ i remains as a parameter (note that this parameter is related to the parameter α in the action (1) and represents the contribution from Galileon term). Initially at redshift z = 1000 there is hardly any contribution from the Galileon field in the evolution equations. So, we set
Next, we can find the initial condition for dΦ dN using the fact that during the matter dominated era Φ is constant i.e.
Also during matter dominated era, one can find that ∆ m ∼ a and using the Poisson equation, we get the initial condition in Φ which is given by
B. Behaviour of different cosmological parameters By using the above mentioned initial conditions we solve the system of autonomous equations given in Eq. (14) for three different initial conditions (ǫ i = 0, 20 and 50) with linear potential and study various cosmological parameters. In all subsequent sections, we study these three cases except for the last figure where two other polynomial potentials (squared and inversesquared) have been introduced to see the differences in different potentials.
In Fig. 1 , we show the evolution of the EoS for these three cases. As we consider thawing class of Galileon models, the EoS of all three cases initially starts from nearly −1 and slowly increases towards higher values at late times. At present (z = 0), the EoS of the models ǫ i = 0, 20 and 50 reaches to the values nearly −0.9, −0.94 and −0.96 respectively. It shows that the models with higher ǫ i values deviate lesser from ΛCDM behaviour. So with similar initial conditions, Galileon models are closer to ΛCDM than the standard quintessence models.
In Fig. 2 , we study the deviations in the gravitational potential Φ for all three different initial conditions and compare them with the ΛCDM model. In this plot and in all subsequent plots, we define %∆X = ( X de XΛCDM − 1) × 100 for any quantity X. At lower redshifts the deviations are enhanced on larger scale whereas the deviations are suppressed on smaller scales. At higher redshift the deviations are always suppressed and the suppression decreases with increasing redshift. The differences in the deviations between larger and smaller scales decrease with increasing redshift which means the scale dependency of the deviations decreases with increasing redshift. This behaviour is not surprising because of the fact that the dark energy perturbation is only relevant on large scales and at lower redshifts. So, whatever deviation is present on smaller scales, is due the differences in the background expansion only. Similarly on higher redshifts, the effect of dark energy is negligible. As the matter perturbation is scale independent, on higher redshifts, the deviation from ΛCDM is also scale independent.
In Fig. 3 , we study the deviations in ∆ m for all three cases compared to the ΛCDM. There is always suppression in the deviations for all the models compared to the ΛCDM on all scales and for all redshifts. This suppression decreases with increasing redshifts. Another point is that the suppressions are always smaller on larger scales compared to smaller scales. And these differences between two scales decrease with increasing redshifts because of the same reason that the scale dependence comes only through the dark energy perturbation which plays an extra role only on large scales.
Next, we introduce a quantity f = −
H∆m which is related to the velocity perturbation and gives rise to the redshift space distortion [90] . The reason to introduce this quantity is that it plays an important role to the observed galaxy power spectrum which is discussed in the next section. So, before going to the discussion of the observed galaxy power spectrum it is important to study the behaviour of f . In Fig. 4 , we study the deviations in f for all the models compared to the ΛCDM. The deviations are always suppressed and the suppressions are almost scale independent except at very low redshifts because of the same reason due to the dark energy perturbation discussed above. One interesting point to notice that the suppressions at first increase with increasing redshifts and is maximum at redshift z ∼ 0.5 and then decrease with increasing redshifts for z 0.5. We should stress that this maximum occurring at z ∼ 0.5 is due to our certain choice of parameters. For other choices, this redshift value where the maximum occurs will change, but there will always be a maximum deviation at some particular redshift.
IV. THE OBSERVED GALAXY POWER SPECTRUM
To describe the inhomogeneous Universe and its evolution, the main quantity of interest is the matter density perturbation whose evolution we study through cosmological perturbation theory (here linear perturbation theory using Eq. (17)). However we can not directly measure the matter perturbation. We actually observe the tracers of this matter inhomogeneity such as galaxies. By studying the distribution of the galaxies in the Universe we can probe the underlying structure formation history of the Universe. Since the fluctuation in the galaxy number density is related to the matter density perturbation, we can study the underlying dark matter density fluctuation on different scales by observing various features in the galaxy distribution. As because dark energy also plays an important role to the structure formation, we can also use the galaxy distribution to distinguish different dark energy models or modified gravity models.
Theoretically, the galaxy density contrast δ g and the matter density contrast δ m can be related by a simple relation δ g = bδ m by introducing a bias parameter b; however this relation is gauge dependent on super-Hubble or near super-Hubble scales. So, to have a physical bias we have to use comoving density perturbation in the bias relation. On large scale, the rest frame of the dark matter and galaxies coincide and in this frame we use the gauge independent relation as ∆ g (k, z) = b(z)∆ m (k, z) by assuming a linear bias with Gaussian initial conditions and this relation is valid on all linear scales. However this ∆ g is not an observable quantity on large scale because of some extra relativistic effects such as light cone and redshift effects [85, 86, 90, 91] .
In late eighties, Kaiser [92] showed that we do not observe galaxy distribution in real space but in redshift space. In addition to the matter density perturbation, the peculiar velocities of the galaxies also affect the galaxy distribution in redshift space. This effect is known as the Kaiser redshift space distortion which is a measure of the large scale velocity fields. The Kaiser redshift space distortion term contains valuable information to the large scale structure formation.
In addition, the gravitational potential in the metric can affect the photon geodesics by integration along the path. This effect is known as the magnification bias [93] i.e. the observed galaxy distribution is also affected by the gravitational lensing. This gravitational lensing can allow us to detect the faint galaxies too through the magnification due to lensing effect.
In recent years, people have shown that on large scales in the observed galaxy distribution there are some other effects which are purely general relativistic. These effects are influenced by the gravitational potential, velocity fields and the matter density perturbations on the observed number density of galaxies on large scales [83-85, 90, 94-98] . This effects are negligible in the sub-Hubble limit compared to the other effects like Kaiser redshift space distortion. Since we can not neglect these general relativistic effects on large scales, these effects can be important to probe dark energy perturbation as well as to distinguish different dark energy models.
By incorporating all the above mentioned effects, the galaxy number overdensity ∆ obs (across the sky and at different redshifts and angles) can be written as [85, 86, 90, 91 ]
where b is the bias parameter which relates the galaxy density contrast to the underlying dark matter density contrast, f is the redshift space distortion parameter which is mentioned in the previous section, µ = − n. k k with n denotes the direction of the observation, k denotes the wave vector whose magnitude is k. The parameters A and B are given by
Here we have assumed scale independent bias which is a valid assumption on large scales where we use linear perturbation theory. We have also assumed a constant comoving galaxy number density where galaxy evolution bias is absent and we have taken the unit magnification bias [86] . We have neglected other terms like the time-delay, ISW and weak lensing integrated terms. For simplicity we put b = 1 throughout all the subsequent calculations. The right hand side (r.h.s) of the Eq. (21) contains four terms. The first term is related to the galaxy bias, the second term is the Kaiser redshift space distortion term and other two terms are completely due to the general relativistic effects. The quantity A in the third term is related to the peculiar velocity fields and the gravitational potential. The quantity B in the fourth term is related to the Doppler effect. Using definition of the power spectrum and Eq. (21), we can relate the matter power spectrum to the observed galaxy overdensity power spectrum P g (the real part) given by [86, 90, 91, 95 ]
where Y = k H and P m is the matter power spectrum given by (25)), the galaxy power spectrum taking only Kaiser term P k (Eq. (26)) and the full observed galaxy power spectrum Pg (Eq. (24)) respectively for ǫi = 20. The vertical blue line is the horizon scales at z = 0.
which is valid on all scales. One can check that Eq. (25) reduces to the standard definition of the matter power spectrum on sub-Hubble scales given by
The constant A is determined by the σ 8 normalisation. Here we use the Eisenstein-Hu transfer function for T (k). In the σ 8 normalisation we put scalar spectral index of primordial power spectrum n s = 0.96, σ 8 = 0.8, h = 0.7, Ω m0 = 0.28 and Ω b0 = 0.05.
In Fig. 5 , we have plotted the line of sight (µ = 1) observed galaxy power spectrum for the linear potential at z = 0 using Eq. (24) . In all the subsequent plots we put µ = 1 and by P k we mean the observed galaxy power spectrum keeping only the bias and the Kaiser redshift space distortion terms i.e. without A and B terms. So, in all the subsequent plots
From Fig. 5 we see that the observed galaxy power spectrum without GR corrections (i.e., P k ) enhances from the standard matter power spectrum P m and the enhancement is present on all scales i.e. P k shifts with an almost constant factor to higher values compared to P m on all scales. When the GR corrections (A and B terms) are included, the full observed galaxy power spectrum P g enhances further from P k on larger scales only, which is quite obvious because the relativistic effects are negligible on sub-Hubble scales. In Fig. 5 , the vertical line is the exact horizon scale (k = aH) at z = 0.
Next we study the deviations in P m , P k and P g for Galileon models from ΛCDM in Fig. 6 . Firstly, the deviations in P m for different models from ΛCDM comes through ∆ m (k, z) and Φ(k, 0) through Eq. (25) . So, the deviation in P m from ΛCDM is due to these two competing terms. In Fig. 3 , we have already shown that the deviation in ∆ m is not substantial. So the main contribution comes from the difference in gravitational potential Φ(k, 0). On large scales, this has an extra contribution from dark energy perturbation and hence this result the suppression in P m on large scales from ΛCDM model. This is shown in the left most panel in Fig. 6 .
Compared to the deviations in P m , the deviations in P k comes due to the extra contribution from f . In Fig. 4 we have already seen that the deviations in f are marginal and also has a maximum at z ≈ 0.5 and except for very low redshifts, the deviations are almost scale independent. Hence the deviation in P k is mostly similar to that in P m . Only around z ∼ 0.5, it is bit higher than P m due to the maximum contribution from f . This is shown in middle panel of Fig. 6 .
In Fig. 5 we have seen that, due to the extra GR correction, P g deviates from P k only on larger scales otherwise they are almost same on smaller scales. So, the deviations in P g follow the exact deviations in P k on smaller scales which is clear from the middle and right panels of Fig. 6 . On larger scales, however, there is a extra effect due to GR correction terms as described through terms A and B. Due to this, there is a large suppression from ΛCDM on large scales and smaller redshifts. This is shown in the right panel of Fig. 6 . One can also notice that in all the figures, the deviations are always higher for ǫ i = 0 compared to non zero values for ǫ i . Given the fact that non zero ǫ i represents Galileon models and ǫ i = 0 represents standard quintessence, one can conclude that Galileon models are harder to distinguigh from ΛCDM model compared to standard quintessence.
Finally in Fig. 7 , we consider other phenomenological potentials like squared and inverse-squared potentials and compare them with linear potential. It is shown that the linear potential has marginally higher deviation from ΛCDM compared to the other potentials. 
V. SUMMARY AND CONCLUSION
In this paper, we study the observed galaxy power power spectra in cubic Galileon model with a linear potential which preserves the shift symmetry. In this scenario potential is responsible for late time acceleration. Although there is a higher derivative term in the action, the equation motion is still second order and the theory is free from ghost. We have considered thawing dynamics of the Galileon field. We form a single autonomous system involving both the background evolution and the linear perturbation equation for matter and dark energy.
We show that the deviation from ΛCDM in comoving matter density contrast ∆ m and growth rate f is not substantial for cubic Galileon models. The gravitational potential gets slightly enhanced on large scales compared to ΛCDM due to the added contribution from the perturbed Galileon field.
The observed galaxy power spectrum contains several correction terms related to redshift space distortion as well as other relativistic corrections that are present on large scales only. Due to the presence of the these terms, on large scales there are substantial deviation from the ΛCDM model in observed galaxy power spectrum P g . But compared to standard quintessence, these deviation are small in Galileon model. This makes Galileon models hard to distinguish from ΛCDM even on larger scales.
We also consider some phenomenological potentials like squared and inverse-squared potentials which break shift symmetry and show that the deviations from ΛCDM in observed galaxy power spectrum for these potentials are always less than the linear potential which preserves the shift symmetry.
In future, we aim to extend this study to massive gravity [30] and generalized Proca theories for gravity [99] .
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